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Abstract

Sedimentation velocity is one of the best-suited physical methods for determining the size and shape of
macromolecular substances or their complexes in the range from 1 to several thousand kDa. The moving boundary
in sedimentation velocity runs can be described by the Lamm differential equation. Fitting of suitable model functions
or solutions of the Lamm equation to the moving boundary is used to obtain directly sedimentation and diffusion
coefficients, thus allowing quick determination of size, shape and other parameters of macromolecules. Here we
present a new approximateiole boundary solution of the Lamm equation that simultaneously allows the specification

of sedimentation and diffusion coefficients with deviations smaller than 1% from the expected valuz302
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1. Introduction

Analytical ultracentrifugation is a valuable tool
to characterize the solution structure of macromol-

boundary in a few hours. This can be of advantage
for substances which are sensitive to denaturation.

Mass transport in a sector-shaped cell rotating
in an analytical ultracentrifuge can be described

ecules especially their molecular masses, grossby the Lamm equatior{3], a partial differential

conformation and interactiofi,2]. Alternative to

the more time-consuming sedimentation equilibri-
um experiments, which yield the molecular mass
data, directly, sedimentation velocity runs can pro-
vide the corresponding values from the moving
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equation. But closed analytical solutions of the
transport equation for the ultracentrifuge are not
available.

Approximately four decades ago Fuijitid]
developed approximate solutions of the Lamm
equation describing radial concentration profiles of
sedimentation velocity experiments.

For a long time the fitting procedure of such
concentration profiles with solution functions con-
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taining several error functions seemed computa-
tionally too difficult for subsequent applications.
Later on some efforts were made to get reliable
results by other approximate solutions of the
Lamm equation[5-8]. Furthermore, numerical
solutions of the Lamm equatidi®—15 have been
reported. Nevertheless, one of Fujita’s approximate
solutions (Eqg. 2.280 in Fujita[4]) of the Lamm
equation describing the whole boundary is partic-
ularly well suited for the direct determination of
sedimentation and diffusion coefficients of small
proteins with a molecular mass of 10—-20 kDa or
lower by fitting the radial concentration distribu-
tions [8]. Here we demonstrate a new model
function that allows determination of the sedimen-
tation and diffusion coefficients afwonodisperse
proteins with deviations smaller than 1% from the
expected values.

2. Theory
2.1. General remarks

The isothermal sedimentation in a two-compo-
nent systen(one sedimentating specjeshere the
partial specific volumes, the sedimentation coeffi-
cient s and the diffusion coefficie? are constant
is described by the following partial differential
equation of second order first derived by Lamm

[3]:
d
[rD %« _ swzrzc]
ar

oc_19
at ror
with ¢ = concentrationy = radial distance measured
from the axis of rotor=running time,w =angular
rotor speed.

In order to facilitate the analysis of the Lamm
equation the following dimensionless variables are
generally introduced4]:

2
[r] =x, 2s0%=r,

D

r

m

2

¢o=loading concentratiory,,=meniscus position.
In terms of these quantities Eq1l) may be
written
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In 1962 Fuijita [4] published an approximate
solution of the Lamm Eq(3) of the Archibald
type. This solution was improved in 1998 by
Behlke and Ristai16] and implemented into our
program Lamm. The simplified Lamm equation
used was
a0 9%0 a6
——=ae ,t(e—a)_—
(ks x ox
The constant value a was=1 for the meniscus
solution and

)

a=|1

rm

for the bottom part. As communicated in Behlke
and Ristau[16] this approximate solution consists
of two additive parts. The first three terms are a
solution of the simplified Lamm equation consid-
ering the meniscus boundary condition only and
the last three terms are a solution considering the
bottom boundary only. When the two partial solu-
tions are independent from each other the sum of
both parts is a correct whole boundary solution.
The two parts are independent solutions when the
bottom part does not influence the boundary con-
dition for the meniscus part and the meniscus part
does not influence the boundary condition for the
bottom part. These conditions are fulfilleda)
when the concentration and the gradienf dr of

the bottom part are zero at the meniscus radius;
and (b) the gradient of the meniscus part is zero,
and the reduced concentratioric, has the value
exp(— 1) (the reduced plateau concentratioat
the bottom radius. Some deviation is tolerable as
ascertained by extensive tests on synthetic data
sets. Both conditionga, b) are fulfilled numeri-
cally acceptable when the reduced gradiéat/
dr) / co of the bottom trace and the reduced gradi-
ent of the meniscus trace have the same sleape
2.5(1+35¢) at a common radius point near the
bottom which is the nearest possible one. The
gradient of the bottom trace at the meniscus is
then always<0.005 and the amplitude:0.0005.
The gradient of the meniscus trace at the bottom
is <0.5 but always smaller than 1% of the slope

00
+ J— R
(e—x) o

(3

(4)
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of the bottom trace which is responsible for the
calculation of the bottom boundary conditidgg.
(10)] and the amplitude always 0.95. To meas-
ure the degree to which deviation can be tolerated
a control parameter is included in our program
LAMM.

The approximate solutiofil6] in an alternative
form is

1 [T(f—g)—x+1J
=5 erfc 2f e

[Z_T(é‘b—l
—erfc| ————

]

2)/&pT

1 p[(s,, ] [z+w(e,,—1)]
ex erfc| ————

&p 2T

—-1)z

Ep

4 l+gbeX{Tab_Z]erfc[Z_T(ik1)]}
&p Ep 2)/&pT
(5
with
i
=5 f=1+05€-1) (6)

m

r,, or rp,=radius positions at meniscus and cell
base. The parametef is a supplementary intro-
duced empirical quantity that improves the accu-
racy of estimated parameters. The error function
(erf) and the complementary error functidevfc)

are defined by
J’ e~ zz

A new distinctly |mproved whole boundary

erfc(x)=1—erf(x)

model function can be developed based on two b=1—¢/2, w= 2[—

independent solutions of slightly different differ-

ential equations for the meniscus and bottom part
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that are more complicated than Eg.) but which
nevertheless can be analytically integrated.

y 2.2. The improved approximate solution for the

meniscus part

Such better approximation to the exact Lamm
Eq. (3) is the following differential equation.

)

[1+\
+
£

In contrast to Eq(4) with a=1, function (7)
is expected to yield also suitable results for
values slightly larger than 1. By substitution of

00 920
DY
T dx?

00
0x

(7

w=2(f;— l) (8)

this linear differential equation can be transferred
to a linear differential equation with constant
coefficients.

a0

)2

20 920 [3
e i
ow

T 2 2
A solution of this differential equation with
reference to the initial and boundary conditions

[Eq. (10)] at meniscus can be achieved using the
Laplace transformation:

(9

=1 w>=0, 7=0 (10
8@—6 w=0, >0
ow

The solution is:
= erfc[b T_W] — 1 exp[b WJ erfc[w+b T]
2/eT (1-b) & 2\eT

(2—b) p[w+¢(1—b)] w+(Q2—b)1
(1_b)ex . erfc T

(1D

Co

with the following substitutions

J

Each term of the solution of the simplified

(12)

T'm

by using new better approximated Lamm equations Lamm equation with constant coefficients is also
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a solution of the same differential equation without
boundary conditions. The first term of Eq11)

addresses the moving boundary whereas the other ¢,

two terms are necessary to fulfill the meniscus
boundary condition. A further improvement of the
solution can be obtained by substituting the first
term of Eq.(11) by a corresponding term, which
satisfies an even more exact approximation of the
Lamm equation describing the moving boundary.
One possibility for such a substitution is provided
by an equation derived by Hiester and Vermeulen
[17], which addresses the moving boundary, but
in synthetic boundary cells. Although substitution
of the first term by the mentioned function leads
to a violation of the meniscus boundary condition
this disadvantage is numerically insignificant, as
shown by analysis of simulated curves generated
according to Claverie et al]9] and Cox and Dale
[10]. Of course, when meniscus depletion is
achieved only this first substituted term is impor-
tant for the accuracy of the solution. The corre-
sponding dominant term of the Hiester—Vermeulen
equation is:

2c€” 1—yxe "
=erfc| ——
o je(l—e™)
e/2—x
=erfc| ——— (13)
je€=1)

It can be shown that this function is a solution
of the differential equation

s

with the initial conditions

920
D _
dx?

a8

ox 14)

0=1 =0, x>1

0=0 =0, x<1

For e<x1 this equation is a good approximation
of the exact Lamm equatiofEq. (3)]. Further-

more, an improvement can be made by adding an

auxiliary term to the numerator.
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e/2— x+0.55(1—&/?)

2 T
€ =erfc —_—
v"s(eT— 1)
2b(e/2—1)—w—2

— (15
2/s(e"—1)

This improved function satisfied the differential
equation
920

—=8x—2+

1
aT 0x (16

& I 69
—(1+x)—x|—
[2( l‘x) x] 0x
Eq. (16) is a very good approximation of the exact
Lamm Eg. (3), particularly when considering
small changes of the variable, which occur
generally in centrifuge experiments. However, with

increasingx, the factor (1+x)/2 in Eq.(16)
exceeds the exact value of 1. Indeed, for snaall
(e<x) the error is negligible, but noticeable for
large values ofe true for very small molecules. A
slightly modified form of Eq.(16) rectifies this
deficiency.

e/2—x+0.25¢ (e /2—e"/?

2c€" _ erfe S
Co V‘/ S(GT — 1)

(17

Function (17) is a solution of the differential
equation:
90 9%0

=ex_,t
oT 0x

28

ax 18

[g(l—l—e_”z\x) —x]

This formulation means that the term (in
bracket$ always has the nearly correct value at
the midpoint of the boundary. This is true because
displacement from the meniscus is described with
great exactness by

(19

To achieve a solution it is crucial that the correct
g-value exists at the midpoint, since at this position
the solution function is the steepest.

Jx.=€72 or x.=¢

2.3. An improved solution for the bottom part

The roughly approximate Lamm Ed4) with
a=(r,/r,)? used for the bottom part can also be
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replaced by a more improved function. The new

function strongly resembles those for the meniscus

part [Eqg. (7)] but is now adapted to the bottom.
This function yields more reliable results for radius
values near the bottom.

With the following substitution into Eq(3)

(20)

one obtains the following alternative Lamm
equation.

90 9°0 d0
— = —+(g,—y) — 21
9 8by8y2 (&» y)By (21
with

r2 2D
=—, — 22
YT 0T s rdw? (22

As mentioned for Eq(3), Eq. (21) also does
not allow a direct closed analytical solution. There-

fore, an analogous approximation as that used for

the meniscus part is employed.

(929 Ep [~ — 86
—+| @+ )=y | =
(2 -0)

In contrast to function{4) with a=(r,/r,,)? Eq.
(23) is a good approximation of the exact Lamm
equation fory values near Iclose to the bottom
but not for y data near to the meniscus <1).

a9

=&)Y

aT 23

Using an analog substitution as mentioned above,

equation

2=2(y-1) (24)

can be again transferred into a differential equation
with constant coefficients.

20 920 & a0 2D
Tee, S+ 21| D, &= 25
PR 972 [2 ] 9z e r2sw? (25)

Taking into account the initial and boundary con-
ditions for the bottom, the solution is:
- dTJ
2,7

2c 1
—€=2— erfc[d = Z] 7exp[d ZJerfc[
Co 2|/e,T 1-d

2—d ;{(1—(1)1'4-1] —z—(2-d)r
l—dex - erfc Zl;

(26)

_|_
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where
abzrgswzi dzl_ab/21 Z
=2[1—1] 27)
rp

2.4. The whole boundary solution

The violation of the meniscus boundary condi-
tion mentioned above can be nearly overcome by
replacing the variabler in the last two terms of
Eqg. (11) with the term2*(e™/2—1) . This time the
relation is more correct for describing the moving
boundary. The complete solution is expressed by
Egs.(11), (17) and (26).

/2 _
=erfc[ €
bw w+ 2b(e7/2— 1)
eX[{—] erfc —
& 2 |2¢ (€7/2-1)
(2 b)

p[w+2(e7/2 1) (1— b)]
(1 b) £

[w+22 b)(e/2— 1)]
Xerfc
)

2c€”

0.5w—1+0.25¢(e""/2—¢€"/?)
Je(er—1)

(28)
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(1-b)

2/ 2e(e"/?2—1

dr— z] p[dZ]
ex
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J

d) T+z]

21 &,T

+2—de (1-
X
1-d

—z—(2—d)¢]

2T

Ep

Xerfc[

The first three terms build a function of Faxen
type describing the moving boundary with the
following plateau region. The first terieq. (17)]
is responsible for the moving boundary and the
other two for accomplishment the meniscus bound-
ary condition taken from Eq(11) with slightly
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changed expression for the reduced time parameter

(7) mentioned above. The last three terf. 0.048 | ]
(26)] describe the increase of the concentration — ©042] (a)
near the bottom. Both parts are computed over the ~ 0036 i
whole radius region. __ 0030 Al
8 oo24] / i
3. Materials and methods n 00181 ./ -]
‘0 0012 i / ~ A
Noise-free synthetic data were generated by the 8 o.ooswii N / *\ =
finite element method9,10 and analyzed for the {5 _9933 - e a—
simultaneous determination of sedimentation and 8 0.048 ‘
diffusion coefficients. Radial concentration profiles 0042] — (b) I
were calculated for proteins or peptides of various o.oas’//;'\ . //
molecular masses from 0.4 to 7.000 kDa. The o030l ) !
concentration profiles were finished by a concen- 0.02 47 - - -/ ‘
tration (optical density=3. Therefore the later o018l T iy
profiles reach not always the bottom radius. Dif- N — 1]
ferent speeds between 10000 and 60 000/rev. R e
min were used as appropriate based on the expect- 0906y [
ed sedimentation velocity of the substances. The 83994 — 7//—\(77:#_‘%
curves between the meniscus radit)s=6.3 cm 63 65 6.7 6.9 1
and the cell base,=7.2 cm were presented by radius [cm]
1.801 data points and a radial step length of 0.0005
cm and a simulation time step=d0.5 s. Fig. 1. Comparison of the residuals calculated with €).(a)

and Eq.(28) without empirical alterationgb). Claverie sim-
ulation for s=20 S and D=2.6X10"7 cn?/s, co,=1,
3.1. Program LAMM rev,/min=13 000,r,,=6.3 cm,r,=7.2 cm, time step 1000 s
top to down. Only each third trace is shown. The following
data were recovereda) s=20.05 S,D=2.627x10"7 cn?/s,
A computer program, LAMM[8,1€], was writ- ¢0=0.994, r,, =6.2999 7, =7.2001, SSR-1.09; (b) s=19.98

ten in Delphi for the use in a windows personal S, D=2.638<10"" cn?/s, ¢,=1.001, r,=6.3001, r,=
computer. The program reads up to 300 XL-A data 7-2000, SSR-0.10.

files, which are simultaneously fittetglobal fit)

and estimates the sedimentation and diffusion coef-
ficients as well as the loading concentration, the
baseline offset and the meniscus and bottom radii o itor after finished iteration. The control param-
directly from the time-dependent records of radial oty is based on determination of the gradient d

concentration distributions. Further details of the dr/ ¢, of both curve sections of the last data set at
program and the numerical methods used for e radius position where they are parallel. In ideal
estimation of the parameters are published in 456 the gradient is 0, however, a small increase
Demeler et al.[18]. The function(28) with the  can pe tolerated. The exact value also depends on
mentioned empirical improvements has also been the parameter, which determines the shape of
added to our program. Sedimentation and diffusion poth curve sections. A suitable test is the relation
coefficients together with the partial specific vol- [Eq. (29)]. The observed small dependence on
ume were used to calculate the molecular MéSs  meniscus radius is described by use of a logarith-
by means of the Svedberg equation. Because func-mic normal distribution.

tion (28) is composed of two additional parts a

control parameter is included in our program to 2=1+2.217%r,—6.3114 (29

prove the independence of them. Additionally, it
is possible to present both curve parts on the
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sufficient data files also for small molecules, which

0.048 ] S oS
R — = fulfill this criterion.
0042] (@) -
0036y . — 4. Results
o030}
0 = T - _ . .
S Eq. (28) was tested extensively on 19 synthetic
n 0018] : noise free data sets generated according to Claverie
o 0012 et al. [9] and Cox and Dald10], which enclose
Jooosl I the whole region of molecular mass of practical
A o000l _— T interest(0.4—7000 kDa. As shown by the residual
8—-8.833 ‘ ‘ ‘ plots (Figs. 1 and 2 of two selected examples
C 0'042 - (b) I with different sedimentation and diffusion coeffi-
- — cients the fit quality of Eq.(28) is much better
0035_—77 — == than the former solutiodEq. (5)] particularly at
0.030]. — higher sedimentation coefficients. Nevertheless,
0.024L 1
00181 _
] 0.016]
0012l _ ]
0.014]
0.006] _ _ e ]
— =] 00142
0.000] _ _ I
-0.003 = _. 0010] _
6.3 65 6.7 6.9 7.1 8 o008l
radius [cm] =
[ 0-006]
Fig. 2. Comparison of the residuals calculated with €9.(a) ‘o 0004
and Eq.(28) without empirical alterationgb). Claverie sim- J 0.002
ulation fors=0.23 S and>=28.5x 107 cnt/s, co=1, 60 000 0 0,000
rev/min, r,,=6.3 cm,r,=7.2 cm, time step 650 s top to down. n-0001
Only each third trace is shown. The following data were recov- GL) 0.016
ered:(a) s=0.233 S,D=28.51x10"7 cn?/s,c,=0.998,r,,= 0014
6.2994, r,=7.2034, SSR0.309; (b) s=0.230 S, D= ' ]
28.54x10° 7 cn?/s, c,=1.000, r,=6.3000, r,=7.1996, 00123 oo e
SSR=0.072. oo10] o —
ooos]l o -
0.006 -
0.7826 L
k=0.335+ = “ex —In(h)(1.211 Ink) - 1)) o004l ... ]
ooo2} _ \/;t
gradientk ————— _3939 — e
(1+35¢) 6.3 65 6.7 6.9 71

The attainment of this condition for large values radius [em]

OT ‘9 (smal? mole_cules) is experimentally som_eWhat Fig. 3. Comparison of the residuals calculated with E28)
difficult, since in these cases the plateau is barely yithout (a) and with empirical alteratiob). Claverie simu-
attained. By using a high rotor speed thealues lation for s=20 S andD=2.6x10"" cn?/s, co=1, 13 000
become smaller. A large column height is not (fjeV-/mig T,,,=6.ﬁ %marb=7-2 Crr?’ timeThsteprIOf_JO sdtop to
i H own. Only each third trace is shown. e following data were
favorable per se because it S|multaneously_ enlargesrecovered(a) 210,98 S.D=2.638<10-7 CNP/s, com 1,001,
e. When the control parameter is too high1 r —6.3001, r,—7.2000, SSR-0.10; (b) s—20.00 S, D—
than some of the last data sdis time) have to 2.604x10~7 cnt/s, c,=1.000, r,=6.3000, r,=7.2000,
be omitted. But it is generally possible to obtain SSR=0.0018.
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0.016
0014
0.012]
0.010]
0.008

s (0D)
o
(@]
1S
o

o
o
o
5

residual

6.7 69 7.4

radius [cm]

65

Fig. 4. Comparison of the residuals calculated using @)
without (a) and with empirical alteratiorib). Claverie simu-
lation fors=0.23 S and>=28.5X10"" cn¥/s, co=1; 60 000
rev/min, r,,=6.3 cm,r,=7.2 cm, time step 650 s top to down.
Only each third trace is shown. The following data were recov-
ered:(a) s=0.230 S,D=28.54x10"" cn?/s,c,=1.000,r,,=
6.3000, r,=7.1996, SSR-0.072; (b) 5s=0.229 S, D=
28.33x10°7 cn?/s, co=1.000, r,=6.3002, r,=7.2000,
SSR=0.0003.

even more accuracy is desirable. By trial and error
it was found that slight empirical modifications of
the variables; and ¢, in the bottom part of Eq.
(28) can improve the accuracy considerably. The
two quantitiesa and ¢ are definable by-depend-
ent functions described by asymmetric bell curves
(logarithmic normal distribution The parameters
of the two functions(30,31) are estimated by
fitting the values obtained for the 19 data sets.

2=2"(1+as(e/2-1)) -2

Iy

(30)

&,= 2 wz(l—i-ca(eT/z— 1))

J. Behlke, O. Ristau / Biophysical Chemistry 95 (2002) 59-68

9.107

a==ex —In(p)(0.1783Irp) — 1)) +2.4917  (31)

p=1+84.082—0.01234

c=

0.2713
h exp( —In(1)(0.02147I1th) — 1)) — 0.091

h=1+455.75s—0.0025395

The improvements achieved by these empirical
alterations are shown in the residual plots of Figs.
3 and 4. Furthermore, the square sum of residuals
(SSR was strongly diminished. Obviously this is
of great advantage particularly when fitting data
with high background noise because the shape of

AS (%2 1000 10000 100000 1000000
LR E e e L e L e e B
.
O
1 o0 ° N
. ° °
ObF------52----------- *---g--- 20 - ¢ - -00 ——
oOO 0°% o0 o3 ° %
ERs -
2L -
AD (%)
2 - -
.
r o0 . o0 ® e
0% o .
0 I 00---2_ 2 _.°° 9 o
[ ] (o]
©00 00°°
4L .
AM (%)
2 - -
.
T ©® e o o -
00g
o
0% 50 0------ R R SR AR
.

-1+ . . ¢
2 runl Ll Ll L saanl —l 11
1000 10000 100000 1000000

molecular mass

Fig. 5. Plots of the deviations of estimated sedimentation coef-
ficients (above, diffusion coefficientdmiddle) and molecular
massegbelow) dependent on the size of macromolecules. The
parameters were calculated from theoretical curi@sverie
simulations using Eq.(28) including the empirical alterations
(O) in comparison with Eq(5) (@).
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+0.005 sedimentation traces fos=4 S, D=6X10""

cn?/s and the fitting results obtained with pro-
24 gram LAMM. As can be seen from the residuals
9 .8 the fit at the meniscus boundary is excellent
. whereas the bottom boundary shows some small
Q42 deviations.
[}
% 06 5. Discussion

o
o

The new alterations in the model function rep-
resenting an approximate solution of the Lamm
equation clearly improved the precision of sedi-
mentation and diffusion coefficients derived from
fits of the radial concentration distribution. The
deviations from the expected results are smaller
than 1% for simulated curves and are valid for a
great range of molecular masses from 0.4 to at
least 7000 kDa. The presented approximate solu-
tion, an essential part of LAMM allows the esti-
mation of s and D with an accuracy comparable
) i . to that achieved using numerical solutions, e.g the
the true concentration profiles is much better program SEDFIT of Schuck et al[13,14
simulated. _ (RASMB release 8 The first three terms of
_ In order to demonstrate the quality of the fynction (28) are also a very excellent approxi-
improved model function including the empirical ation for a solution of the Lamm equation when
alterations all 19 synthetic data sets generated foromy considering the meniscus boundary condition
sedimentation coefficients between 0.14 and 90 S (paxen type and has been incorporated into
and diffusion coefficients between 8210"" | AMM. The presented whole boundary solution
cn?/s and 1.210°7 cn?/s were fitted. The  |£q (28)] fits both the moving boundary and the
deviations from the (_axpected values including the gccumulated solute near the cell base with high
molecular mass datédn percentagkare presented  accuracy. Only the same fit quality in both curve

in Fig. 5. The deviations are smaller than 1% for sections is a guarantee for homogenous solutions.
all curves in the above-mentioned molecular mass gojute inhomogeneities, e.g. by small amounts of

63 65 6.7

69
radius [cm]

74

Fig. 6. Claverie simulation foy=4.0 S and 6.& 107 cn¥/s,
co=1 and 40000 reymin, r,,=6.3 cm, r,=7.2 cm, &=
0.00432. The following data were recovereds=
3.999+1.19x10°8 S, D=(6.012+3.8X107°)10"" cn¥/s,
¢o=1.0005;r,,=6.3000 cmy,=7.2000 cm. Residuals are giv-
en at 64-fold amplification. From the 22 data sets generated in
time intervals of 500 s and used for the fitting procedure only
every third is shown.

region. Additionally to the sedimentation and dif-
fusion coefficients in the global fitting procedure
the loading concentratiofr,) as well as the radius

position at the meniscus or cell base were estimat-

ed simultaneously. Only the base line was held
constant. The estimatesl and D values are in

aggregates can be recognized easily by more or
less deviations in the curve fits. Therefore, the
successful application of this procedure is suitable
to declare the solute quality.

LAMM'’s improvements are based on the altered
model function and that all whole boundary curves

excellent agreement with the expected ones. Con-near the cell base can be cut individually or can
sequently, the molecular mass values were alsofinish at a common absorbance, respectively. These
obtained with high accuracy. In addition, the posi- conditions can yield more information compared
tion of meniscus and bottom radii is estimated to with the procedure of uniform fixed bottom radius
a precision better than 0.0003 cm. In contrast with as proposed in the program SEDF[I3]. The

our former variant, the fit quality was considerably program LAMM works with derivatives to the
improved. The average square deviation SSR wasestimating parameters. The computation of the
diminished by 1-2 orders of magnitude. Fig. 6 derivatives requires no additional calculations of
demonstrates a typical whole boundary diagram of error functions because the derivatives result in
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simply exponential functions. This is in contrast
to the numerical calculated difference quotients,
which require two additional time consuming com-
putations of the numerical Lamm solution for each
parameter. Therefore the numerical programs avail-
able for the whole boundafjd 2,13 empiloy fitting
methods without use of difference quotients.
Therefore, even with bad starting values, they
converge much better compared with the numerical
approache$12,13. This is of advantage, contrary
to the numerical approaches mentioned above, but
the latter appear to yield more exact results. A
further advantage of the program LAMM is that
no starting values are necessary, they were gener-
ated automatically. Moreover, the data derived

from the program LAMM can be used agry

good starting values for using the program
SEDFIT. LAMM provides this procedure as a
special option and yields the edited data sets
together with the estimated parameters in a format
for direct loading by the program SEDF(ist.ra9,
~temppars.ra@ The program SEDFIT in princi-
ple does not have the problem with dependent
partial traces as valid for program LAMM. The

numerical solution according to Claverie et ]

considers simultaneously both boundary conditions
without any restrictions. For data sets with a low
signal-to-noise ratio and a meniscus that is not
free of solute, it is desirable to determine the
loading concentration or extinction using the value

obtained at 3000 reymin or from the first(early)

concentration profile and attain this value during
the fitting procedure. The program LAMM offers

an option for absorbency data for this.
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